A Glossary of Theorems and Definitions in Number Theory and Analysis.

Contents

1 Synopsis:

2 Observations and Theorems:

3 Additional Remarks:

4 Going Forward:

By Amlal EI Mahrouss
July 29, 2026

10

11



1 Synopsis:

HIS note provides a reference for theorems, definitions, and equations for the purpose of being reusable. References
are cited at the bottom of each of the note where credit is due.
One caveat: y(x), \(x), p(x) are defined generically in this note.
However a proof will have the concrete function attributed to them. Moreover, the note acts as an active research
note with new definitions, and theorems added regularly.

2 Observations and Theorems:

PER the following observations, let the following theorems, definitions, and remarks, be defined in R.
The following are defined:

Theorem 2.1. Let the following in R.: VS € R, Baud(MIN) < Freq(S) < Baud(MAX). Where Baud(MIN) is
the minimal baud rate and Baud(M AX) the mazimal baud rate:

Hi(S)
Lo(S)
_ Freq(S) _ Hi(S)

Weight(S) — Lo(S)"

Freq(S) =

Weight(x),

Per Hartley’s law, the weight of S over its frequency F', may be equal of the division between the highest signal and
lowest signal of S.

Remark 2.2. There exist degenerate cases per 2.1, per the weight S over F'. Where S is greater than F'.

Theorem 2.3. Let for any variables of the expression Ya, j, A\, b,c € R define:

V= /)\+u -Vax? +bxr + cdx.

We define two equations for ¥YV', d(A + u) € R.:

V’:()\—l—,u)-\/axz+bx+cx-/xd(/\—|—,u)\/ax2—|—bx—|—c.

And another form of the above equation for R.:

= \/ax2+bx+cx~/xd(/\+p)\/ax2—|—bx—|—c.

+
A+
For a variable V, d(A+ p), V' € R.
Remark 2.4. Per Theorem 2.3, A shall be non-zero in R.

Corollary 2.5. Per Theorem 2.3, we have the following:

VY= /(/\+u)\/ax2+bx+cdx.

One way to rewrite theorem 2.2, is Va, pu, A, b,c € R.:

/\/aac2 + bz + cdx.

/\+u

In order to obtain a ratio from the integral of roots.



Theorem 2.6. Thus let the following per Theorem 2.3:

O +Atp+a)" 2 =N+p+z)" '+ A +put+a),
o’ _ QAtpta) T+ At pt o)t
A+ p 4 x)n=2 A+ p + z)n=2

, O £0.
Let YO € R be defined in R.:
0= %(’)', VO,0" e R, O #0.

Theorem 2.7. Let the following for any Vm,n € R*.:

p(n,p) == M(n,p), p(n,p) € RT (1)

n

Vu(n,p) There exist such that the following is true to ¥n,p € RT.:
p(n,p) =pt+ (n+1Ip)l+ (n+2p)l+ ... +(n+ap) (2)

Theorem 2.8. Let a set of rational numbers YV € R, in Vu(n,p) € R, be in the following inequality:

<z <p(n,p), x#0.
p(m, p) #lmp), & 7
Theorem 2.9. Let for any real Vo € R. If: x # 0. Then:
V()
— 7 - R .
) = stk S € Roale) 0
Therefore, based on the definition E(x) in R.:

Separately, let the following for Vx,n € R:

x+/5 dxe]R

There exist a solution in Vs = P’ € R, of the following:
P = Ja" + / e da: P #£0.
Separately, let the following Vx, L € R.:

£+)\(m)2 = M



Where the value of VAy € R equals:

o
= Ay
Ay =lInzx,
Separately, there exists for VI,r,z,Azxz,n € R:
| An\™m
I::—r+<ﬂ+—n> ,7#0,r€RT.
An  Inzx

For all variables of Vr € R. Being equal to each other, e.g: x = n =Inx = m. Then the following equation:

Inzx An\m
= (== 4+ == 0, r € R+
" (An+lllx) 770, e Rt

Admits a transcendental result, If and only If: r # 0, r € R.
Theorem 2.10. Let the following plots both a real and imiginary part for both. If: x,n € R. Then:

7 363log7 " lni_i_L
logn 140 —n Inz’

m =17, logn # log 1.

And thus by computing the products of (lnT“" + )

7 log” 7 i n
= —_— 4+ — =71 log 1.
logn = 5040 4L n + g o 8T 7 log

Theorem 2.11. Let us define the following equations for Vn € RT:

_ o) | o(n)
Z= ) T 3w +o(n°l), Z € Z.
That admits the following alternate form:
,_ o) | o(n?) s
2= T A O
o, 1 1
= 60" (s + 57y + 90"
= ) (o 1),

Alternatively, we can assume another equation:

(s—=3) (s—=2) (s—1)
o) T T )

o(s,n) = +35,8#£0.

Assuming ¢(s,n) # 0. And ¢(s,n) € R.

Definition 2.12. Let a theorem of the following equations for any VC, z,n € R:

C:/de:—ﬁp(x)x”—i—@,
C= / d +Hp



Admits a set of results in the domains of RT. Alternatively we can suppose the following equations =€ € R.

4 1 "
v(a:)+k(x)+£[2@ =
1 121314
e e e e B
1

If, assuming all variables are non-zero.

Definition 2.13. Let us define the following for YAz, z,y € R:
Az =y +7y(x), v(z) < Aw.

Separately, we have the following for z € R:

A=~(z)+ Az + Az) # 0.

L
A(x)’
Separately, we have the following for Vz,y € R:

X xr
—— + (@) ==+Y,
o) v(x) ”

x x
—— 4@ -= =Y, Az €R,
Ax) (@) y

/

A(m)—k’y(m)—g:%,x#o.

For all valid numbers in the domains of 'R’.

Theorem 2.14. Let an equation of the following for VL, x,y,z € R:

L= ///(aayz)3 dx A dy A dz,

1
clyz+022+63+a+x +yt 2t = (zy2) dx A dy A dz.

Admits the following equation Ve, x,y,z € R.:

(cryz+ caz+c3+ 614 +at +yt 424"
(c1yz + coz + g+ g +at +yt + 2471

1
(c1yz + oz + ez + — +at 4yt + 24"~ 2+Z = =+C,

64

Definition 2.15. We define Euler—Mascheroni constant:

n

1
v = lim ( — —log(n
n—>oo k'
k=1

Which may be rewritten to per M. Ram Murty and N. Saradha:

L 1 log(a + nq)
(a,q) = lim ;O(CH i . )-

Definition 2.16. The following is the closed form of a series of low-integer-order polylogarithms:

é . _ Lln—l(z)
% Lin(z) = —,



Definition 2.17. The following is a series of the exponential function:
o0
> =
|
= k!
Theorem 2.18. The following is a series of Euler—Mascheroni constants over k:

=k
= (a, qk)

, gk # 0.
Definition 2.19. The following is a series of k over Euler-Mascheroni constants:

k=1

Definition 2.20. The following inequality may also be defined:

> v(a, gk) > k
<z<y ——— z#0.
2 2 a7

k=1

Definition 2.21. Applying the previous theorem laid out on previous papers. We satisfy the following:

b
y—:tz , £z € R
Y

E:C',iz#o
Y

P

¢ +z

For any domain RT. Where the following is a Taylor Series of:
:L.TL

z=—,n#0.
n!

Theorem 2.22. Let for Vy,£z,a,q,k,x € R:
o 7(a, gk) -k
= <z <y —o
I Yt

k
Y Zk 1'Y(a’l ) <x<2k 17(a,q’€)
e +z

Now in order to continue further, we need to solve Vx € R.:

iwgwi ko
k=1

— Y(a,qk)
; k Z:: aqk

Therefore, for x =3 7o, w + >y W,VI e R.

> v(a, gk) > k
trpy=Y LY
Y= T o

k=1 k=1

00 a,qk oS} k
S, X R Sl 7(a.qk)
+2z '

y:



Then for: z =Y po w + > W,Vfﬂ cR.:

oo y(a,qk) o] k oo o
DS R 2ok=1 Taa® _ 5 v(agk) 3 k
+z — k — ~(a, gk)
Zoo v(a,qk) +Zoo k Zoo v(a,qk) +ZOO k
k=1 k k=1 ~(a,qk) k=1 k k=1 ~(a,qk)
= 5 :I:Z # 0.
+z +z

Definition 2.23. We define the Golden ratio constant ¢ as:

1+46
2

0] Vo € R.

And the Supergolden-ratio constant 1 as:

1+ 29+§\/§ + 294393

W= ; 2 wpeR.

And the Kepler-Bouwkamp constant K as:

" 7r
K= H COS(E),
n=3

T l)cos(%)...,VKeR.

= cos(

And. For an equation of the previous result per Theorem 2.19, we can define the following;:

o) .qk 0o k
Zk:l ’Y(ak:q : + Zk:l ¥(a,qk)

A=+
z+ T s
—(a,qk)  ~—~ Kk
42 =8 L0t ,
,; k ; v(a, gk)

> L qk =k
A/:izQZZW(akq )+Z 7

= = (a,qk)

o0

— k v(a, gk)
A" =422 — = k A eR.
: kz::l (a, qk) ,; g RTOTAS

Theorem 2.24. Let for the following result for Vx € R.:

V2+2=V2+u,
22+ 2=z,
2(vV2+41) =z,
Then we can solve for | = x,VI € R.
l+r<n-—1,

2(V24+ 1) +r<n—1.

Also. Yz There exist for r € RT.




Theorem 2.25. Let a general theorem of the following for Vx € R be:

n=l_ g4 -1

B=2(V2+1)+ 2 — :

2 2
b S
_ 3 2
2(vV2+1)
Then. Substituting "7_1 =¢, V¢ € R.:
n—1 _
C=2(V2+1)+ 25— -4,
_ 50
2(vV2+1)
¢—4
C'="——¢.
7 ¢
Theorem 2.26. Let the following constant C' € R. admit a derivative of the following:
¢—4
C'=1—-
>~ o
R e S
2 2
Theorem 2.27. Let the following equation for ¥n € R.
n—1 _
2(vV2+1) + o< +n—1,
n=l_4 o1
2(V2+1) + —2 ST cnn,
2 2
That admits the following solution of (2(v/2 + 1) + %274) eR.:
n—1
2(vV2+1) + 2 <0
Definition 2.28. Let the following equation for Vn € R.:
n—1 _ 4
2AVa+1)+ T =,
Thus for the following variable n = 5, ¥n € N*t.:
)
2(vV241) + 3=
V2+2+ g = z.
And the following for z € R.:
5 x
24 - =—.
2 V2
Theorem 2.29. Let the following derivative, and primitive function for Vx € R.:
In(z)®
fl(.'l/') — ( ) x

f(x) = / f() dz,
Un(z)

e
= e’ dx.
0 €




Theorem 2.30. Let the following equation for Vx € R.:
5
r=2(vV2+1)+ 3

Thus for Yz in R, the following integral is defined as:

1 e
/ In(z) -e® dx.
0

€

Then there exists the following definite integral admits a solution R € R.

1 e
R = / In(z) -e¥dx,
0

e

3

_ /1 In(2(v2+1) + 3)° Q2(VEH1)+35
0 (§
9
= e7/2+2‘/§10ge(§ +2+V2) +C.
Theorem 2.31. Let the following definite integral for Vx,y,£D € R.:

/”de:ip +D #0
c xmy! ’ |

With a definite integral that admits a solution of:
™ . ’ . /
[ ) _ el J0S),

c " -yl xn -yl oD

Let us impose two inequalities for Vo, y,n € R.:

m In|z|- f(y)f'(z) _ <~ 1nfz]- f(y)f (2)
W@ -y <> g

zn-y!

b

n=1

™

Rl F@PE < WS @ < nld - T @,

Theorem 2.32. Let the following equation for Vz,y,n,C € R.:

. p _
el y)!:izg’fﬂ(m y)+C,w#y7y#0’$7é0-
|=T - y|n n=1 |Z‘ B y‘"

Definition 2.33. Let the transform for N # 0, N € N. Be the following;:

N—1
X, = Z a:me_ﬂ”kTm”, k=0,...,N—1.

m=0

The inverse notation for n # 0, N # 0, N € N. Is given by:
1 Nl
_ i2rkmn B
wk_Nm%OXke N" k=0,...,N—1

—i27/n

For zg,...,x,—1 be complex numbers. Where e is a primitive nth root of 1.

Theorem 2.34. Let the following identitiy in R.:




10

And for H € R.:
€)| |
2 In(7®) (elog(ﬂ')).7 Vi € R,
T
From the following for x = @, Vr e R.:
g O (elosm oy g
T
We then would establish another identity Vx € R.:
| |
_ 4 (os(m))(elog(m)! 20,

™

Remark 2.35. The previous identity of Theorem 2.31 will be later used, bear it in mind.

Definition 2.36. Defining the Chvatal-Sankoff constants for v, n, k € R.:

Eln
Ye = lim T’k,n;ﬁO. (6)

n—oo

3 Additional Remarks:

HE previous section, which establishes 31 definitions and theorems. Will now serve as a basis for plotting.
Which in the next chapter ’On Theorems’ will be used to plot some of our theorems. But before, let us impose
the following remark in R.:

Remark 3.1. Per Theorem 2.31, for x = ln(ﬂﬂ, Vz € R. We have the following:

ln(:e)! _ (eIO;gT(W))!7$ #0,Vr € R. @)

Corollary 3.2. Per Remark 3.1 for each value of x, there exists such identities:

In(7¢)! _ (elog(ﬂ))!’x #0,Vr e R.

Defined in R. And for x € R.

Corollary 3.3. For each index n in a numerical sequence x,p,n € R, it is defined as the following:

p
n — ’ 0.
x i n #

There exist by the property of parity if and only if n +1 = 2p + 1, then the sequence contains odd indices.
Definition 3.4. Let us define a sequence of tensor products for VAX,,, YV, € R:

“+o0

Zn = Z(Xuﬂrn ® yw+n)~

w=1
Where Z is a tensor product of the sequences X,, and ), from a Riemannian plane.

Definition 3.5. Let us define a double integral for Va,y € R with a function f(z,y) over a domain D in a xy-plane
(who we will refer to as a squared-plane of values  and y):

I :// f(ﬂmy)@aniC/\dy, z,y, f(x,y) €R.
D

Where Z,, is a double integral of the function f(z,y) over the domain D in the xy-plane.
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4

Going Forward:

HE ten pages of theorems now comes to an end, stating them here was the first step to then develop a framework

later in the series of papers. We will next plot and analyze our results based of our theorems and definitions.

We will now proceed to plot and analyze the following theorems to analyze their convergence and general behavior.
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